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Unraveling the Mysteries of Multipartite Entanglement: A Journey 
Through Geometry 

 
Songbo Xie, Daniel Younis, Yuhan Mei, and Joseph H. Eberly 
 
In a recent study by Xie and Eberly [Phys. Rev. Lett. 127, 
040403(2021)], a novel geometric measure of genuine tripartite 
entanglement was introduced. Although various extensions of this 
measure to four qubits have been proposed, they are not without 
limitations. In this work, we present a new extension of this geometric 
measure to four qubits based on a tetrahedron construction. We use the 
new measure to compare the entanglement ranking between two highly 
entangled four-qubit states. We also discuss future avenues for further 
generalizations along this geometric path. 
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Subject: First Results from JWST 
 
Abstract: 
Despite having only been in orbit for about a year, the new James Webb Space Telescope 
(JWST) is quickly revolutionizing astronomy. In this talk, I will present a brief overview of 
why JWST is uniquely well suited to make new discoveries through its large collecting 
area and ability to observe in the infrared. From there, I will discuss new areas where 
JWST is busy driving change in astrophysics, focusing on new discoveries of exoplanets, 
the first galaxies, and the study of the nearest neighbouring galaxies to our own. 
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WEBSITE 
Greek Myths about Constellations  
 
Most of the astronomical objects’ names that we use today come from Ancient Greece. Orion, Centaurus, 
Pleiades, Pegasus, Andromeda… Even the planets in our Solar System are named after Roman gods. Mars 
is Ares, Neptune is Poseidon, and Venus is Aphrodite in Greek Mythology. So why does today’s astronomy 
have such a strong relationship with the Greek culture? 
 
Homer and Hesiod, the two pillars of Greek Mythology, are one of the reasons why. In both poets’ creations, 
constellations were mentioned as mythical characters. Orion Constellation, for example, was on the shield of 
Achilleus in Illiad, which was made by Hephaistos. 
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 The Battle of Scorpius and Orion 
 

Orion was described as a giant huntsman by Homer. He was arrogant and boastful, claiming he could hunt 
down any animal living. Gaia, titan of nature, got angry. She sent a giant scorpion to kill Orion. 
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The battle between the two was such a vigorous one, Zeus, king of the gods, put them both 
in the sky as a reward. To this day, the giant Scorpius is still chasing Orion in the night sky. 
An endless battle between a giant and a monster. 
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The Nemean Lion 
The Nemean Lion was a vicious monster that ravaged the area of Nemea. King Eurystheus 
ordered Heracles to kill the lion and free Nemea from the monster. 
 
Heracles tracked down the lion and tried to kill it with arrows. But the lion’s hide was 
impenetrable. So he waited until the lion returned to his cave. He then caught the lion in its 
cave and killed it by strangling it to death. 
 
He couldn’t skin the lion since its hide was impenetrable. Athena, seeing the desperate 
warrior, decided to help him. She told Heracles to use the lion’s claws. 
Heracles skinned the lion and emerged as victorious. 
 
Perseus and Medusa 
 
Perseus, son of Zeus and Danaë, had grown up on the island of Seriphus. King of the island 
Polydectes fancied Perseus’ mother, Danaë, but she refused him to look after Perseus. 
Polydectes couldn’t handle the refusal. So he came up with a plan to kill Perseus. He 
persuaded him to kill Medusa, who lived inside a cave near Seriphus. 
 
Perseus got on his way. While on his way, he prayed to gods by singing a song. The song 
was such a beautiful one, the gods decided to help him. Hades gave him a cap, which makes 
him invisible. Hermes gave him his winged sandals. Athena gave him a golden shield to use 
its reflection against Medusa. He also received a curved sword and a sack to put Medusa’s 
head in. 
 
Perseus used the shield to guide himself inside the cave and killed Medusa in her sleep. He 
got her head and got on his way back home. 
 
King Polydectes captured Perseus’ mother, Danaë, while he was gone. Perseus turned him 
and his supporters to stone using Medusa’s head. 
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Taurus 

 
Europa, the beautiful princess of Phoenicia, was enjoying the seashore with her friends. Zeus 
saw Europa and fell in love with her. He turned into a handsome bull and approached Europa 
and her friends. 
Lovely girls of Phoenicia stood in wonder of the handsome bull. They decorated it with flower 
crowns. Europa decided to mount the charming animal. 
When Europa mounted Taurus the Bull, she actually mounted Zeus. Zeus took off rapidly into 
the sea and abducted Europa. 
 
He took her to an island. He wooed Europa with gifts. They had 3 sons; Minos, 
Rhadamanthys, and Sarpedon. 
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Ursa Major  
 
Princes Callisto was a daughter of King Lykaon. She was such a beautiful mortal Zeus fell in 
love with her. Callisto fancied Zeus as well, and thus their secret romantic relationship had 
started. 
 
One day when Zeus and Callisto were walking in a forest, Zeus’ jealous wife Hera approached 
from afar. Zeus, knowing that she would kill Callisto on sight, turned her into a bear. 
 
Hera called Zeus to Mount Olympus. Zeus had to leave Callisto in the form of a Bear. 
 
Callisto’s son, Arcas, was hunting in the forest the same day. He saw her mother in the bear 
form and shot her in the heart. She immediately turned into her human form when she got 
shot. Arcas, seeing that he shot her mother, cried in pain. 
 
Hera heard the cries from the forest. She knew her husband was cheating on her again. She 
got on her way to kill Callisto and her son, Arcas. 
 
Zeus couldn’t let his love die. He turned both Callisto and her son into stars in the sky. 
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Aquila 
 
Aquila was the eagle that carried Zeus’ thunderbolts and served the gods. 
 
It abducted Ganymede, a Trojan boy Zeus fancied, to become a cup-bearer in Mount 
Olympus. 
 
It is the eagle that carved out the liver of Prometheus every day for stealing fire from Mount 
Olympus to give to humankind.   
 
As a reward for its services, Zeus put the eagle in the skies. 
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Virgo  
 
In Greek Mythology, Virgo is mostly associated with Persephone, wife of Hades.  
 
Persephone, daughter of Demeter, was gathering flowers in a meadow. Hades saw and fell 
in love with her. 
 
He attracted Persephone with a narcissus flower. When she approached it, he opened a hole 
in the ground and captured her to be his wife. 
 
Demeter, Persephone’s mother and the goddess of agriculture and fertility, couldn’t bear the 
news. She left all her duties as a goddess started searching for Persephone. Famine took 
over the world. 
 
Zeus desperately called for Hermes’ help to retrieve Persephone from the underworld. 
Although Hermes did bring Persephone back, she had already eaten a pomegranate which 
bound her to the underworld. By ancient law, she had to stay in the underworld for four months 
every year. 
 
When Persephone is in the underworld, Demeter’s grief brings winter, cold, and hunger to the 
world. When Persephone comes back, Demeter’s light, warmth, and fertility cover up the 
world. 
 

 
 



ON THE INTERNET - SITES, BLOGS, APPS AND PODCASTS 

 

 

 

 

 
 
Reference:  https://telescopestobuy.com/greek-myths-about-constellations/ 
 
 
 
 
 
 
 
 
 
 
 
 
If you use a website, blog, app or podcast that you would like other members to be aware of, 
please let me know. Greg. 
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Please read the following paper. The intent is not to alienate anyone; on the contrary, I would like to expose 
physics for its beauty and truth. The universe is truly an amazing place. 
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Unraveling the Mysteries of Multipartite Entanglement:

A Journey Through Geometry

Songbo Xie,1, ∗ Daniel Younis,1 Yuhan Mei,1 and Joseph H. Eberly1

1Center for Coherence and Quantum Optics, and Department of Physics and Astronomy,

University of Rochester, Rochester, New York 14627, USA

(Dated: April 7, 2023)

In a recent study by Xie and Eberly [Phys. Rev. Lett. 127, 040403 (2021)], a novel geometric
measure of genuine tripartite entanglement was introduced. Although various extensions of this
measure to four qubits have been proposed, they are not without limitations. In this work, we present
a new extension of this geometric measure to four qubits based on a tetrahedron construction. We
use the new measure to compare the entanglement ranking between two highly entangled four-qubit
states. We also discuss future avenues for further generalizations along this geometric path.

Introduction.—Entanglement is a critical component
of quantum information and quantum computing. The
power of entanglement increases as more parties become
involved, resulting in what is known as “genuine mul-
tipartite entanglement” (GME) [1]. GME is essential
for numerous quantum tasks, including but not limited
to quantum error correction [2], quantum metrology [3],
and quantum teleportation [4]. As a result, understand-
ing GME is vital for the development and advancement
of quantum technologies.

To be more specific, a multiparty system is genuinely
entangled when its state is nonseparable along any bisep-
aration, meaning it is nonbiseparable. As a result, a
measure that quantifies GME should satisfy the condi-
tion that it only vanishes when the state is biseparable
[5, 6]. Unfortunately, although several multipartite en-
tanglement measures have been proposed, including some
that have been extensively used (for examples, see [7–
10]), none of them meet the “genuine” requirement.

One potential solution to the GME measure is to use
a distance-based measure, such as the relative entropy
proposed by Vedral et al. in [11]. However, evaluating
such measures is highly challenging, even for pure states.

Alternatively, a recent study proposed a proper GME
measure for three-qubit systems, called “concurrence fill”
[6]. The authors assigned a “concurrence triangle” to ev-
ery three-qubit state, and the triangle’s area was shown
to quantify genuine tripartite entanglement for the state.
However, extending this geometric measure to larger sys-
tems with more than three qubits is not as straightfor-
ward as it may seem, which remains an open question.
Although various attempts have been made, they either
fail to meet the “genuine” requirement or lose the simple
geometric intuition [12–14].

In this work, we extend the “concurrence fill” GME
measure to cover four-qubit systems, providing a proper
answer to this open question. We demonstrate that
adding one more qubit to the system requires one more
dimension to the geometric structure, going from a tri-
angle to a tetrahedron. In other words, every four-qubit
state can be assigned a tetrahedron, and the tetrahe-

dron’s volume quantifies quadripartite entanglement of
the state. Our extension opens a geometric journey to-
wards the mysteries of multipartite entanglement.
From three to four.—The use of the concurrence mea-

sures in constructing a geometric GME measure is a cru-
cial aspect of our work. These measures were first intro-
duced by Hill and Wootters [15] for two-qubit systems
and were later extended to cover all bipartite systems by
Rungta et al. [16] with the introduction of the “I con-
currence.” For simplicity, we will refer to both measures
as “concurrence” throughout this work.
Another crucial aspect of this geometric GME-measure

construction is the incorporation of the “entanglement
polygon inequalities” developed by Qian, Alonso, and
Eberly [17]. Specifically, for a general n-qubit system,
where the concurrence is considered between one qubit
and the remaining n−1 qubits taken together as a single
“other” party, we obtain n such one-to-other bipartite
concurrences. However, these n values are not indepen-
dent; the entanglement polygon inequalities require that
any one of them cannot exceed the sum of the other n−1
values.
For example, for any three-qubit state, the following

relation holds:

Ci(jk) ≤ Cj(ki) +Ck(ij), (1)

where the subscript i refers to the system’s ith qubit, and
{i, j, k} is any permutation of {1,2,3}. A stronger version
of this inequality was found by Zhu and Fei [18], where
all concurrences are replaced by their squared forms:

C2
i(jk) ≤ C2

j(ki) +C2
k(ij). (2)

These inequalities can be geometrically interpreted as the
three squared (or not) one-to-other concurrences repre-
senting the lengths of the three edges of a triangle. In
reference to the squared formula Eq. (2), the triangle was
called “concurrence triangle”, and its area was shown to
be a three-qubit GME measure [6, 19].
To extend this idea to four-qubit systems, we general-

ize Eq. (2) to:

C2
i(jkl) ≤ C2

j(kli) +C2
k(lij) +C2

l(ijk), (3)

http://arxiv.org/abs/2304.03281v1
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FIG. 1. (a) The interpretation of Eq. (3) as a quadrilateral violates the invariance of entanglement under qubit permutations,
as the four edges are not treated equally. This leads to three different possible quadrilateral. (b) We interpret Eq. (3) as
“entanglement simplex inequality” in which a 3D simplex corresponds to a tetrahedron. The four face areas of the tetrahedron
are equal to the four one-to-other squared concurrences. The volume of the tetrahedron is a genuine four-qubit entanglement
measure.

with {i, j, k, l} being any permutation of {1,2,3,4}. The
proof for this inequality follows from similar arguments
presented in [17]. As suggested by the authors in [17],
Eq. (3) induces a quadrilateral, with the four edge lengths
equal to the four one-to-other squared concurrences.
Therefore, following from the triangle measure in [6], a
tempting candidate of a four-qubit GME measure is the
area of this quadrilateral.

However, using the quadrilateral defined above to pro-
pose an entanglement measure poses serious problems.
Firstly, since entanglement is invariant under qubit per-
mutations, the four one-to-other squared concurrences
C2
i(jkl) must be treated equally. However, the four edges

of a quadrilateral are not equal, and a quadrilateral with
different edge lengths can be arranged in three different
ways, as shown in the left panel of Fig. 1. This ambigu-
ity makes it difficult to define an entanglement measure
based on the quadrilateral. Furthermore, while a tri-
angle has three degrees of freedom, a quadrilateral has
five, with the edge lengths only fixing four of them. As
a result, a quadrilateral does not have the stability of
a triangle, and even if the four edge lengths are fixed,
the area of the quadrilateral can still vary, rendering the
entanglement measure undetermined.

While the ambiguity in the definition of the entan-
glement measure induced by the quadrilateral geometry
can be resolved by focusing on the special case of cyclic
quadrilaterals, as proposed by Mishra et al. [12], it is
worth noting that this approach is flawed. In particular,
it can be shown that the area of the cyclic quadrilateral
is positive whenever one of the four one-to-other concur-
rences vanishes. This induces a positive entanglement
value for a biseparable state, violating the “genuine” con-
dition. Therefore, an alternative approach is needed to
define a reliable and well-behaved GME measure for four-
qubit systems.

From polygon to simplex.—Instead, we consider a “con-
currence tetrahedron” induced by Eq. (3), of which the
four face areas are equal to the four one-to-other squared
concurrences, as is shown in the right panel of Fig. 1.
We argue that the volume of the tetrahedron is a proper
GME measure for four-qubit systems, and we will provide
a proof later. The power of this tetrahedron approach
quickly becomes apparent when one observes that the
four faces are treated equally. We reinterpret the results
of [17] in this new framework as entanglement simplex in-

equalities, where the term “simplex” generalizes the no-
tions of triangle and tetrahedron to arbitrary dimensions.
Before proceeding, it is important to note that a tetra-

hedron has six degrees of freedom, while the four face
areas only fix four of them. As a result, if we consider
the volume of the concurrence tetrahedron as a GME
measure, the measure is still not uniquely determined.
To further elaborate, we note that every tetrahedron

Qubit 2

Qubit 1

Qubit 3

Qubit 4

σ14 σ13

σ12

FIG. 2. The inscribed sphere for a generic tetrahedron divides
the four faces into twelve smaller triangles. Any two triangles
that share an edge of the tetrahedron have the same area.
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has a unique inscribed sphere that is tangent to all four
faces. For each face, one can connect the point of contact
with the inscribed sphere to the three vertices, which di-
vides the face into three smaller triangles. The twelve
smaller triangles on the four faces are related pairwise:
any two triangles that share an edge of the tetrahe-
dron have the same area. The six different areas of the
smaller triangles are labeled {σ12, σ13, σ14, σ23, σ24, σ34},
as shown in Fig. 2. As a simple exercise, one can show
that the areas of the six smaller triangles completely fix
the tetrahedron, whose volume is given by:

V =
√
2

3
S1/2(A0A1A2A3)1/4, (4)

where S = 2(σ12 + σ13 + σ14 + σ23 + σ24 + σ34),
A0 = +

√
σ12σ34 +

√
σ13σ24 +

√
σ14σ23,

A1 = −
√
σ12σ34 +

√
σ13σ24 +

√
σ14σ23,

A2 = +
√
σ12σ34 −

√
σ13σ24 +

√
σ14σ23,

A3 = +
√
σ12σ34 +

√
σ13σ24 −

√
σ14σ23.

S is the total surface area of the concurrence tetrahedron.
The expression of V is invariant under permutation of
qubit indices.
The six parameters {σij} of the concurrence tetrahe-

dron must add up to the four face areas induced by the
“entanglement simplex inequalities”, given by (including
index permutations):

σij + σik + σil = C2
i(jkl). (5)

However, these equations are not sufficient to uniquely
determine the tetrahedron, as two more equations are
required. While the one-to-other concurrences have
been used so far, the construction of the four-qubit
GME should also involve the two-to-other concurrences
{C2
(12)(34),C

2
(13)(24),C

2
(14)(23)}, where the bipartitions

separate the qubits into two groups of two. Here, C2
(ij)(kl)

requires an extra factor beyond the usual “I concur-
rence”, ensuring its normalization, i.e., 0 ≤ C2

(ij)(kl) ≤ 1.
On the one hand, if any one of the three two-to-other

concurrences vanishes, the state is biseparable. There-
fore, according to the “genuine” requirement, the four-
qubit GME measure and thus, the volume of the tetrahe-
dron should be zero. On the other hand, if any one of the
three quantities A1, A2, and A3 in Eq. (4) vanishes, the
tetrahedron’s volume is also zero. To ensure consistency
between these two conditions, we relate the quantities by
the following three equations (including index permuta-
tions):

−√σijσkl +
√
σikσjl +

√
σilσjk = λ ⋅C2

(ij)(kl). (6)

By introducing an additional parameter, λ, we obtain
seven equations for the seven parameters σij and λ. How-
ever, it is important to note that λ does not have a physi-
cal interpretation, as it can be canceled out when dividing

the equations in Eq. (6), leading to six equations for six
parameters. Numerical verification shows that Eq. (5)
and (6) together always have a unique nonnegative so-
lution (nonnegative for all 7 parameters) for different 4-
qubit states. Therefore, given an arbitrary 4-qubit state,
a tetrahedron can always be constructed, where the areas
of the six smaller triangles of the tetrahedron are equal
to the nonnegative values {σij}. We now prove that the
volume of the tetrahedron is a proper GME measure for
four-qubit pure systems.
Proof.—For a 4-qubit pure system, there are two types

of biseparable states: one-to-other biseparable and two-
to-other biseparable. In the case of one-to-other bisepa-
rable states, all four quantities A0, A1, A2, and A4 are
zero, resulting in a tetrahedron with zero volume. For
two-to-other biseparable states, one of the three quanti-
ties A1, A2, and A3 is zero, leading to a tetrahedron with
zero volume as well.

Conversely, if the volume of the constructed tetrahe-
dron is zero, there are four possible scenarios, based on
the expression of V in Eq. (4):
(a) (A1A2A3) = 0, but A1, A2, and A3 are not all zero.
Without loss of generality, we can assume A1 = 0. This
leads to λ ≠ 0 and C2

(12)(34) = 0, indicating that the state
is at least two-to-other biseparable.
(b) A0 = 0. This is equivalently to A1 = A2 = A3 = 0.
In this scenario, it is easy to observe that

√
σ12σ34 =√

σ13σ24 =
√
σ14σ23 = 0. In other words, at least one

term under each square root should be chosen to equal
zero. We first assume that there exists a subscript i such
that σij = σik = σil = 0. This leads to C2

i(jkl) = 0, indicat-
ing that the state is at least one-to-other biseparable.
(c) A0 = 0, but the assumption in (b) is not valid. It
can be shown that the only possibility to maintain each
square root being zero is σjk = σkl = σlj = 0, while σij ≠ 0,
σik ≠ 0, and σil ≠ 0. If we label the four face areas of the
tetrahedron by {Si ≡ C2

i(jkl)}, the four face areas satisfy
the relations Si = Sj+Sk+Sl with Si > Sj > 0, Si > Sk > 0,
and Si > Sl > 0, representing a tetrahedron with its four
vertices coplanar. Using the same approach as in the ap-
pendix of [6], a contradiction can be shown. Therefore,
this scenario does not exist for four-qubit systems.
(d) S = 0. This implies that all {σij} are equal to zero,
and therefore, all biseparable concurrences are zero. The
state is a product state, a special case of biseparable
states.

Therefore, the volume of the concurrence tetrahedron
assigned to a four-qubit state is zero if and only if the
state is biseparable, demonstrating that the tetrahedron
volume is a proper four-qubit GME measure. ∎
We now extend “concurrence fill” to four-qubit pure

systems, as is defined as F4 = (37/4/23/2)V , with V given
in Eq. (4). The name “concurrence fill”, was inspired
by the fact that the volume “fills” a concurrence tetra-
hedron, and was previously used in [6]. The prefactor
37/4/23/2 is chosen to normalize F4, such that 0 ≤ F4 ≤ 1.
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States

Separabilities

Tetrahedra

Volumes

|1234 |1 ⊗ |234 |12 ⊗ |34 |1 ⊗ |2 ⊗ |34 |1 ⊗ |2 ⊗ |3 ⊗ |4
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One to other

biseparable

Two to other

biseparable
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biseparable
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FIG. 3. Concurrence tetrahedra for different types of four-qubit states. (a) The tetrahedron for a genuinely entangled state
has a positive volume. (b) The tetrahedron for a one-to-other biseparable state is a infinitely long line with zero volume,
represented by the dashed line. (c) The tetrahedron for a two-to-other biseparable state is also an infinitely long line with zero
volume, represented by the dashed line. (d) The tetrahedron for a one-one-two biseparable state is a coplanar triangle with
zero volume. It is interesting to note that this is the only case where the shape of the tetrahedron is not fixed, as long as the
area of the triangle is equal to C

2

34. (e) The tetrahedron for a product state is a dot with zero volume.

For a visual demonstration of concurrence tetrahedra
for different types of states, refer to Fig. 3. The caption
provides detailed explanations.
Two highly-entangled states.—We introduce another

two newly-proposed GME measures for four-qubit pure
systems, both of which are based on bipartite concur-
rences. The first measure, called “genuine multipartite
concurrence” (GMC), was proposed by Ma et al. [5] and
later extended by Hashemi-Rafsanjani et al. to cover the
X-type mixed states with a simple closed-form expression
[20]. For four-qubit pure states, GMC is defined as the
minimum of the seven bipartite concurrences, including
the four C2

i(jkl) and the three C2
(ij)(kl). The second mea-

sure, named “geometric mean of bipartite concurrences”
(GBC), was defined by Li and Shang as the geometric
mean of the seven bipartite concurrences for four-qubit
pure states [21]. These two measures were shown to sat-
isfy the “genuine” requirement.
In four-qubit systems, the Greenberger-Horne-

Zeilinger (GHZ) state and the cluster state ∣φ4⟩ are two
famous examples of highly entangled states, which are
defined as [22]

∣GHZ⟩ = 1√
2
(∣0000⟩+ ∣1111⟩),

∣φ4⟩ =
1

2
(∣0000⟩+ ∣0011⟩+ ∣1100⟩− ∣1111⟩).

(7)

The GHZ state has been utilized in various quantum
tasks, including quantum secret sharing [23] and quan-
tum key distribution [24]. In the GHZ state, each qubit
is maximally entangled to the rest of the system, that is,
C2
i(jkl) = 1. Furthermore, the entanglement for any two-

two biseparation is not maximized, with C2
(ij)(kl) = 2/3.

Additionally, any measurements of two qubits will result
in maximally correlated outcomes.
The cluster state, utilized in measurement-based quan-

tum computing [25], has each qubit maximally entangled
with the rest of the system, C2

i(jkl) = 1. The two-to-other
concurrences of the cluster state are C2

(12)(34) = 2/3 and

C2
(13)(24) = C2

(14)(23) = 1, where two are maximized, and
one is not. Unlike the GHZ state, the entanglement in
the cluster state is more resistant to destruction [22].

To compare the entanglement of the GHZ and cluster
states, we can use the three GME measures introduced
above. However, it should be noted that these two states
possess different entanglement properties and are used
for different quantum tasks, so it is not straightforward
to determine their entanglement ranking. Interestingly,
we find that the above three measures give three en-
tirely different entanglement rankings for the two states,
highlighting the complexity of comparing entanglement
in multipartite systems.

The GMC measure considers the two states as equally
entangled, with GMC(GHZ) = 2/3 = GMC(φ4), as it
only takes into account the smallest value among the
seven bipartite concurrences, while ignoring all the other
details. However, it should be noted that for systems
with more than three qubits, different types of biparti-
tions exist, leading to subsystems of varying dimensions
and requiring different normalization factors for differ-
ent types of concurrences. Because GMC uses a “min”
function to connect all those concurrences, it is sensitive
to the choice of normalization factors, and an alternate
choice could lead to a different GME measure that is not
equivalent to the original one.

The GBC measure ranks the cluster state as more en-
tangled, with GBC(GHZ) = 0.8405 < 0.9437 = GBC(φ4).
This is because GBC multiplies all seven bipartite con-
currences together. The cluster state has six maximized
concurrences, compared to four in the GHZ state, result-
ing a higher GBC value for the cluster state. Addition-
ally, GBC is insensitive to normalization factors for dif-
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ferent types of concurrences, since they can be absorbed
into one unique factor for the final normalization.
The concurrence fill measure, in contrast, ranks the

GHZ state as more entangled, with F4(GHZ) = 1 >
0.9871 = F4(φ4). This is because its construction is
geometry-based and heavily relies on symmetries. Al-
though the GHZ state and the cluster state have the same
face areas for the concurrence tetrahedron, the GHZ state
is much more symmetric as it is invariant under permu-
tation of all four qubits, while the cluster state is only
symmetric between the first two qubits and the last two
qubits. Larger symmetry implies larger volume, as can be
observed from the fact that a sphere is the most symmet-
ric and has the largest volume with a fixed total surface
area. Furthermore, concurrence fill is also insensitive to
normalization factors since they can be absorbed into λ
in Eq. (6).
Further discussions.—We would like to point out

the similarity between Eq. (5) and the entanglement
monogamy relation, which was first proposed by Coff-
man, Kundu, and Wootters for three qubits [7], and later
generalized to arbitrary number of qubits by Osborne and
Verstraete [26]. The four-qubit monogamy relation is

C2
ij +C

2
ik +C

2
il ≤ C2

i(jkl), (8)

where C2
ij is the pairwise squared concurrence for mixed

states [15]. Equality in Eq. (8) holds when the state is
in the four-qubit W class (for a detailed discussion of en-
tanglement classes, see [27]). This similarity suggests a
correspondence between the two quantities σij and C2

ij ,
which inspired us to use squared concurrence rather than
concurrence in the previous three-qubit work [6]. How-
ever, we would like to note that the two quantities may
not be equal, even for a general W -class state.
The convex-roof construction allows us to generalize

the tetrahedron GME measure to mixed states. Specifi-
cally, we can define the measure for a mixed state ρ as:

F4(ρ) = min
{pi,ψi}

∑
i

piF4(ψi), (9)

where the minimization is taken over all possible pure-
state realizations of ρ = ∑i pi∣ψi⟩⟨ψi∣. Although this
method is more computationally intensive, numerical
techniques have been developed to evaluate this quantity
for mixed states [28–30]. Recently, a method was pro-
posed to estimate convex-roof based entanglement mea-
sures in experiments as well [31].
Future avenues.—Finally, we would like to mention po-

tential avenues for generalizing this geometric entangle-
ment approach to larger systems, including those with
more qubits and systems of qudits (more than two di-
mensions). The generalization to qudit systems is made
possible by a recent study that showed the extension of
entanglement polygon (simplex) inequalities to qudit sys-
tems [32]. However, the generalization to systems con-
sisting of five or more parties may not be straightforward

and involves considering the hypervolume of a simplex in
dimensions larger than three, making it challenging to
obtain an intuitive visual representation.
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petitive grant from the University of Rochester.
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RASC MERCHANDISE 

RASC Merchandise Available From OK Centre: 

RASC Observers Calendar - Club members can place their order(s) for the RASC Calendar when we have a 

body to fill the role. 

Explore the Universe Guide - $16.00 

T-shirts - white RASC logo - $15.00

- dark Moon phases - $20.00

Toque - RASC Logo - $18.00 

Lapel Pins - RASC Logo - $10.00 

Cloth Crests - RASC and 150th Anniversary: $5.00 - $11.00 

Stickers - RASC Logo - $ 2.50 

#14 Welders Glass: $4.00 

Keychain - RASC Logo - $3.00 

Cards - Various member astrophotography - $4.00 

All of the above prices include taxes and these items are available from Anita and John Carpenter at our meetings 
on breaks or afterwards. Please remember that any markup on these items goes towards supporting our club 
activities. 

RASC OKANAGAN CENTRE MEMBERS BUY & SELL 

Email: trailspublishing@telus.net with your member ad. 

MEMBER RENTAL: 10 INCH ODYSSEY 
RENTAL RATE: $ 10 PER WEEK 

Telescope information: 

Dobson style telescope for planetary or deep sky viewing. Contact: Allen Royston  allen@royston.ca 

- 
For Sale: Celestron NexStar 8SE 8” classic Schmidt-Cassegrain computerized telescope. Updated with a fully 
automated Go-To mount with > 40,000 objects in it’s database.  SkyAlign technology gets the scope aligned and 
ready to go in minutes.  Sturdy, telescopic mount. $1,200. Contact seller  at rlgolden07@gmail.com.   Telescope 
details:  https://www.celestron.com/products/nexstar-8se-computerized-telescope. Pictures: 
https://rascoc.zenfolio.com/p888731762/ef199c30b. 

-

mailto:allen@royston.ca
https://rascoc.zenfolio.com/p888731762/ef199c30b


RASC MERCHANDISE 

 

 

 

For Sale: ZWO 36mm Narrowband Filter Set. $595.00 includes Ha 7nm, OIII 7nm and SII 7nm for an additional 
$200.00 I will add the ZWO Broadband 36mm Filter set of LRGB.  The Broadband Set will not be sold separately. 
Email or call for details, pictures are available.  terryadr@gmail.com  250-864-9286.  (July 9/21) 
 
- 
For Sale: Orion 80 mm f/7/5 ED Refractor telescope and Orion Sirius EQ-G Equatorial Mount.  Bought in 2013 and 
used maybe two or three times.   Paid $1,725 US for it.  Hoping to get $1,200.  Phone 250-317-1078. 
 
- 
For Sale: Meade Lightbridge 16” f4.06, fl 1829mm. Felt strips for altitude control (teflon was too slippery). Stock 
Lazy Susan roller bearings for azimuth. Excellent smooth motion, even at 300x. Mirror & secondary in good shape. 
Battery compartment for 12v battery pack (included). 8x50 Finderscope. Telrad base (you supply the Telrad). Stock 
Meade focuser works great. Also included are: Three 2.5lbs weights that are press fit onto the feet of the mirror 
box. Add or remove as needed. I usually used all of them due to the weight of 2” eyepieces. Astrosystems 
Lightshroud, US $80.00. Astrosystems Field Cover,  US $114.00. The optics give great views, seeing conditions 
dependant of course. My best views of Jupiter were with this scope. Pick up only but open to reasonable 
suggestions. Scope is setup in my back yard, ready for a star test. Peachland B.C.  CAN $1,250.00 obo.  Email 
Mark Force dirtbagpook@gmail.com (250) 767-6132. (March 30 /19). 
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